Abstract. We find a relation between the genus of a quotient of a numerical semigroup S and the genus of S itself. We use this identity to compute the genus of a quotient of S when S has embedding dimension 2. We also exhibit identities relating the Frobenius numbers and the genus of quotients of numerical semigroups that are generated by certain types of arithmetic progressions.
Introduction
Throughout this paper, let N denote the set of nonnegative integers. A numerical semigroup is a subset of N that is closed under addition, contains 0, and has finite complement in N. Given positive integers a 1 , . . . , a n satisfying gcd(a 1 , . . . , a n ) = 1, we write a 1 . . . , a n = {c 1 a 1 + · · · + c n a n : c 1 , c 2 , . . . , c n ∈ N}.
The set a 1 . . . , a n is a numerical semigroup called the numerical semigroup generated by the set {a 1 , . . . , a n }. It is well known that every numerical semigroup is of this form [3, Theorem 2.7] . That is, every numerical semigroup is generated by a finite set of positive integers. Furthermore, every numerical semigroup has a unique set of generators that is minimal in the sense that no proper subset of the generating set generates the same numerical semigroup.
When studying a numerical semigroup S, it is useful to consider the Hilbert series Note that P S (x) is a polynomial because S has finite complement in N.
There are several fundamental invariants of a numerical semigroup S. The Frobenius number and genus of S, denoted F (S) and g(S), respectively, are defined by F (S) = max(N \ S) and g(S) = |N \ S|.
The size of the unique minimal generating set of S is called the embedding dimension of S. We say S is d-symmetric if n / ∈ S implies F (S) − n ∈ S whenever n is a positive multiple of d. A 1-symmetric numerical semigroup is simply called symmetric.
It is difficult to give general formulas for the invariants of numerical semigroups. However, some special types of numerical semigroups have received a large amount of attention, and the invariants of these numerical semigroups are often well-understood. This includes numerical semigroups with small embedding dimensions [2, 8, 16] , numerical semigroups generated by arithmetic progressions [6, 10] , and d-symmetric numerical semigroups [15] . For example, the following very fundamental result is due to Sylvester.
Theorem 1.1 ([16])
. If a and b are relatively prime positive integers, then
The quotient of a numerical semigroup S by a positive integer d is the set
It is not difficult to see that S/d is also a numerical semigroup. Thus, we define the Frobenius number F (S/d) and the genus g(S/d) as above. Recently, there has been a flurry of investigation of invariants of quotients of numerical semigroups by positive integers [4, 7, 9, 14, 13] . For example, the following result will prove particularly useful for our purposes. 
where x is the smallest positive element of S satisfying x ≡ F (S) (mod d).
One motivation for studying quotients of numerical semigroups comes from the study of proportionally modular Diophantine inequalities, which are Diophantine inequalities of the form ax (mod b) ≤ cx for some fixed positive integers a, b, c. It turns out that the set of nonnegative integer solutions to a proportionally modular Diophantine inequality form a numerical semigroup; a numerical semigroup obtained in this way is called a proportionally modular numerical semigroup. Robles-Pérez and Rosales [12] have shown that a numerical semigroup is proportionally modular if and only if it is of the form a, a + 1 /d for some positive integers a and d. Furthermore, Delgado, García-Sánchez, and Rosales [3] have remarked that there is no known example of a numerical semigroup that is not of the form a, b, c /d. It is natural to study quotients of the special numerical semigroups whose invariants are already well understood. The current paper is focused on proving the following theorem and then applying it to gain information about quotients of numerical semigroups of the form a, b , a, a + k, a + 2k , or a, a + k, . . . , a + (a − 1)k . Theorem 1.3. Let S be a numerical semigroup, and let d be a positive integer. We have
where ζ d is a primitive d th root of unity.
are quasipolynomials in a of degree 2 (with periods 2 and 5, respectively) [15] . By specializing Theorem 1.3 to the case S = a, a + k , where k is a fixed positive integer that is coprime to a, we show that the genus of S/d is a quasipolynomial in a of degree 2 (see Corollary 2.3). This result generalizes the formulas for g( a, b /2) (when gcd(a, b) = 1) given in [4] to formulas for g( a, b /d) for all d ≥ 2. The latter result answers an open problem listed in [3] .
We prove Theorem 1.3 in the next section. Section 3 contains some results on invariants of quotients of numerical semigroups generated by certain arithmetic progressions, and we end the section by providing an open problem for the future study.
The genus of a quotient of a numerical semigroup
We begin by proving Theorem 1.3. Fix a positive integer d, and let A i = |{s ∈ N \ S : s ≡ i (mod d)}|. In particular, A 0 = g(S/d). Letting ζ d denote a primitive d th root of unity, we have
. . .
We also have the identity g(S)
. By rewriting the above equations, we get
Adding all of these together and using the fact that
The desired result now follows from the identity
To prove (5), note that for 1 ≤ k ≤ d − 1, we have
This immediately implies (5) when d is odd. If d is even, then
This completes the proof of Theorem 1.3.
Corollary 2.1. Let a, b, and d be relatively prime positive integers, and let a * be the unique integer satisfying aa * ≡ 1 (mod d) and 1 ≤ a * ≤ d − 1. We have
. Now,
The third equation comes from by setting new ζ d as ζ a d . Note that we have made use of the identity in (5) and the identity 1
The desired result is now an immediate consequence of Theorem 1.3.
We now specialize to numerical semigroups of embedding dimension 2. Proof. Let S = a, b . Sylvester's theorem (Theorem 1.1) tells us that g(S) = (a − 1)(b − 1)/2. Invoking (4) yields
As mentioned in the introduction, the following corollary generalizes a result of Strazzanti [15] . 
Numerical Semigroups Generated by Arithmetic Progressions
Two well-studied types of numerical semigroups are those of the form a, a + k, a + 2k and a, a + k, . . . , a + (a − 1)k , where a and k are relatively prime positive integers. Note that the latter numerical semigroup is, in fact, the numerical semigroup generated by the terms of the infinite arithmetic progression a, a + k, a + 2k, . . .. We will make use of the following special case of [10, Corollary 3.2] . Proof. Let S = a, a + k, a + 2k . We know that gcd(d, k) = 1 because a and k are relatively prime. An element of S has the form ax+(a+k)y+(a+2k)z for nonnegative integers x, y, z. In order for this element to be a multiple of d, we need d | (y + 2z). It follows that S/d is generated by s, a + k, a + 2k and all integers of the form 
The corresponding values of (a+k)y+(a+2k)z d are a + k − s, a + k − 2s, . . . , a + k − ts, a + 2k + ts, . . . , a + 2k + s.
As a result, S/d = s, a + k − ts, a + 2k . But a = sd = (2t + 1)s, so S/d = s, s + k + ts, s + 2k + 2ts . By Proposition 3.1, S/d is symmetric.
Next, assume d is even, say d = 2t. The pairs (y, z) such that d | (y + 2z) and y, z ∈ {0, 1,
. . , a + k − ts, a + 2k + ts, . . . , a + 2k + s.
It follows that
It is well-known that every numerical semigroup with embedding dimension 2 is symmetric, so the proof is complete. Proof. Write d = 2t. We know from the proof of Theorem 3.2 that a, a + k, a + 2k /d = s, k + st . In general, it is known that F ( x, y ) = xy − x − y and g( x, y ) = (x − 1)(y − 1)/2. Setting x = s and y = k + st gives the desired result.
Let n be a nonzero element of a numerical semigroup S. The Apéry set of n in S is the set Ap(S, n) = {s ∈ S : s − n / ∈ S}.
The following fundamental results which we will need in the proof of Theorem 3.6, are known as Selmer's formulas. Theorem 3.5. Let S = a, a + k, a + 2k , where a and k are relatively prime positive integers. Suppose d is a positive divisor of a, say a = sd. If a is odd, then
Proof. We now consider the numerical semigroup generated by the terms of an infinite arithmetic progression a, a + k, a + 2k, . . ., where a and k are relatively prime positive integers. Equivalently, this is the numerical semigroup S = a, a + k, a + 2k, . . . , a + (a − 1)k . Proof. We first reduce to the case d = 1. Let x i,a denote the unique element of the set {0, 1, . . . , a−1} such that x i,a k ≡ i (mod a) (the uniqueness comes from the assumption that gcd(a, k) = 1). We claim that the elements of S that are congruent to i modulo a are precisely the integers of the form ta + x i,a k for positive integers t. To see this, notice that every nonnegative integer linear combination of generators of S has the form ta + mk; in order to have ta + mk ≡ i (mod a), we need m ≡ x i,a (mod a). Now, every element in S/d is of the form (ta + x di,a )/d for i ∈ {0, 1, . . . , s}. Since x di,a /d = x i,s , we have S/d = s, s + k, s + 2k, . . . , s + (s − 1)k . This shows that it suffices to prove the desired result in the case in which d = 1 and s = a. However, this follows immediately from Selmer's formula for the genus (Theorem 3.4) along with Proposition 2.6 and Theorem 2.8 in [11] . Specifically, with d = 1 and s = a, we have g(S/d) = g(S) = (k + 1)(a − 1) 2 and F (S/d) = F (S) = k(a − 1).
Some useful facts concerning the numerical semigroup S follow from the Proposition 3.7. It is easy to see that S = {as + kt : s ≥ 1, t ≥ 0} = a, k \ {k, 2k, . . . , (a − 1)k}.
Suppose d | (a − 1)k. Since F ( a, k ) = ak − a − k < (a − 1)k, we know that F (S/d) = (a − 1)k/d. Furthermore, g(S/d) is equal to the sum of g( a, k /d) and the number of multiples of d in {k, 2k, . . . , (a − 1)k}. Thus, we obtain the following result. 
